MTH101 Practice Questions/ Solutions

Lecture No. 1 to 22

Lecture No. 1: Coordinates, Graphs, Lines
Q 1: Solve the inequalityx_2 o1

Solution:
E >— ]_
X+1

= X_2+1>0

Xx+1
X=2+x+1
= - "~ >
Xx+1

2x -1
= >0
Xx+1

0

X +1

Now there are two possibilities. Either 2x -1>0and x+1>00r 2x-1<0and x+1<0

Consider,
2x-1>0and x+1>0

:>X>Eand x>-1

2
= (; , +oo\|ﬂ (-1, +o0)

v

2
Similarly, if we consider,
2x-1<0and x+1<0

:>x<£and x<-1

2
{2 fon )
C o

Hking '\ntersection of both intervals, we have
+00

............... (1)

Taking intersection of both intervals, we have

2,+oo |U (—o0,-1)

s L), (2)

mbiqing () and (2), we have the required solution set. That is:

VU APEX CAMPUS

vuapex.com.pk

vuapex.pk

Contact Us:

0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

VU APEX CAMPUS

vuapex.com.pk

vuapex.pk

Contact Us:

0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

Q 2: Solve the inequality and find the solution set of 3—£ <

Solution:
5 1.1

X 2

1 1 1 5 1
=>-_<_-3=>-_<-_=_>

5
X 2 X 9 x 2
So, solution set = (—00,5

L)

N| -

X

2
= X<
5

Q 3: List the elements in the following sets:

(i) {x:x* +4x+4=0}
Solution:

(i) Consider x* +4x+4=0

(i) {x: x is an integer satisfying —1< x <5}

= X+ 2X+2X+4=0
= X(x+2)+2(x+2)=0
= (X+2)(x+2)=0

= (x+2)?=0

=>x+2=0

=>X=-2
Solution set: {2}

(ii) Solution set: {0,1,2,3,4}

Q 4: Find the solution set for the inequality: 9+ x > -2+ 3x

Solution:
9+ X>-2+3X

=9+2>3x-X :>11>2x:>1_1>x or x<1—1

2

Hence,
Solution set: (—oo, gw

v

2

Q 5: Solve the inequality 2 < -1+ 3x < 5.

Solution:
2<-1+3x<5

= 2+1<3x<5+1
=3<3x<6
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:>§<x<§:>1<x<2
3 3
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x+7
Q 1: Solve for x, 4—x
Solution:
q X+7 8
4-x
X+7:8 or
4-X
= x+7:8(4—x) or
= X+7=32-8x or
= X+8x=32-7 or
= 9x =25 or
25
= X=__ or
9

Q 2: Is the equality \/b_" =b? valid for all values of b ? Justify your answer with appropriate

reasoning.
Solution:
As we know that

Jb* = b2,

= \[(bT)Z:bz,

Lecture No

=8.

X+7

——=-8

4-x
= X+7=-8(4-%)
= X+7=-32+8x
= X—8x=-32-7
= —-7x=-39
— x:39

7

if x is positive or zero i.e x>0,

. 2: Absolute Value

but b? is always positive , because if b <0 then b? is always positive.
So the given equality always holds.
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Q 3: Find the solution for: ‘XZ -25=x-5.

Solution:
0 \x2—25\=x—5
=x?-25=x-5 or —(x? —25) = x5,

= xX-5)(x+4)=0 or (x+6)(—x+5) =0,

= X=5,-4 or X=-6, 5.
For x=-4 in ‘x2—25‘:x—5,

= 9=-9 whichis not possible.
For x=—6 in ‘x2—25‘:x—5,

= 11=-11 whichisnot possible.
- If x =5, thenthe givenequationis clearlysatisfied.
= Solutionis x =5.

Q 4: Solve for x: |6x—8|-10=8.

Solution:
I |6x—8-10=8
= |6x-8=8+10=18
= (6x-8)=18 or -—(6x-8)=18
= 6x =26 or -6x=10
13 5
= x="_" or x=—"
3 3
. Solution is x = — E E
3 3

Q5: Solve forx: |x+4|<7.
Solution:

Since |x + 4| < 7, so this inequality can also be written as
-7<x+4<7,

—7 —4 <x+4—4<7—4 (bysubtracting 4 from the inequality),
-11<x <3
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So the solution set is (—11, 3).
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Lecture No. 3: Coordinate Planes and Graphs

Q 1: Find the x and y intercepts for x> +6x+8 =y
Solution:

X- Intercept can be obtained by putting y =0 in the given equation i.e .,
X2 +6x+8=0

its roots can be found by factorization.

X2 +4X+2x+8=0

X(x+4)+2(x+4)=0

(x+2)(x+4)=0

either x+2=0 or x+4=0

this implies
x=-2 and x=-4

so, the x-intercepts will be (-2,0)and (-4, 0)

y-Intercept can be obtained by putting x =0 in the given equation i.e.,
y=8

So, the y-intercept will be (0,8).

Q 2: Find the x and y intercepts for 16x* + 49y? = 36

Solution:
X- Intercept can be obtained by putting y =0 in the given equation i.e.,
16x* +0 =36
X2 = @
16
x=t0=z13
4 2
So, the x-intercept will be (;0\ and (—2,0\.
) -
y-Intercept can be obtained by putting
49y? +0 =36
» 36
y 49
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\

)

So, the y-intercept will be

(6
|0’1
\

W and(é,:—%h\‘l the given equation i.e.,

J v )
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Q 3: Check whether the graph of the function ¥ = X' —2x’ =8 is symmetric about x-axis and y-

axis or not. (Do all necessary steps).
Solution:
Symmetric about x-axis:

If we replace y to —y, and the new equation will be equivalent to the original equation, the
graph is symmetric about x-axis otherwise it is not.

Replacing y to —y, it becomes

—y=x*-2x*-8

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about x-
axis.

Symmetric about y-axis:

If we replace x by —x and the new equation is equivalent to the original equation, the graph is

symmetric about y-axis, otherwise it is not.
Replacing x by —x, it becomes
y = (-x)" - 2(-x)* -8
=x*-2x* -8
Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about y-axis.

Q 4: Check whether the graph of the function 9x? + 4xy = 6 is symmetric about x-axis and y-
axis or not. (Do all necessary steps).

Solution:

Symmetric about x-axis:

If we replace y to — vy, it becomes

X +4x(-y) =6

Ox2 —4xy =6

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about x-
axis.

Symmetric about y-axis:

Replacing x by —x, it becomes

9(-x)? + 4(-X)y = 6

Ox2 —4xy =6

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about y-
axis.

Symmetric about origin:

Replacing X by —x and y to -y, it becomes

9(—x)* + 4(-X)(-y) =6
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Ox2 +4xy =6
Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about origin.
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X2 —4
Q 5: Check whether the graph of the function Y="7 is symmetric about x-axis and y-axis
X +1

or not. (Do all necessary steps).
Solution:
Symmetric about y-axis:
Replacing x by —x, it becomes

() -4

S

X -4

x> +1

Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about y-axis.

Symmetric about origin:

Replacing X by —x and y to -y, it becomes

_ (—x)* -4
y 2
_(;2()_ 2{1
—Y= X +1

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about
origin.
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Lecture No. 4: Lines

Q 1: Find the slopes of the sides of the triangle with vertices (-1, 3), (5, 4) and (2, 8).
Solution: Let A(-1,3), B(5,4) and C(2,8) be the given points, then

Slope of side AB = E =£
5+1 6

Slope of side BC = E =j
2-5 3

Slope of side AC = £= ‘ri
-1-2 3

Q 2: Find equation of the line passing through the point (1,2) and having slope 3.
Solution:

Point-slope form of the line passing through P (x4, y1) and having slope m is given by the
equation:

y-yi=m(x-x1)

= y-2=3(x1)

= y-2=3x-3
= y=3x-1

Q 3: Find the slope-intercept form of the equation of the line that passes through the point (5,-3)
and perpendicular to line y = 2x +1 .

Solution:
The slope-intercept form of the line with y-intercept b and slope m is given by the equation:
y=mx+b

The given line has slope 2, so the line to be determined will have slope m = —E
2

Substituting this slope and the given point in the point-slope form: y—yi =m(x-x1) , yields

y—(—3)=—£(x—5)
2

= y+3=—£(x—5)
2

= ——£x+§—3: ——lx—1
y==3%%3 Y==3%73
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Q 4: Find the slope and angle of inclination of the line joining the points (2, 3) and

Solution:
If m is the slope olein%joining the points (2, 3) and (-1, 2) then
meYe=Yi_ = " =7 isthe slope

X,-% -1-2 3

Now angle of inclination is:

tan® =m
tand = E
3
g 11 =1843°

" tan (?

Q 5: By means of slopes, Show that the points lie on the same line

A(-3,4); B(3,2); C(6,1)
Solution:

Slope of line through A(-3,4) ; B(3,2) = 24 =—E=—E
3+3 6 3
Slope of line through B(3, 2) ; C(6, 1) = 2 1
6-3 3
Slope of line through C(6, 1) ; A(-3,4) = 4-1 :_ﬁz_i
-3-6 9 3

Since all slopes are same, so the given points lie on the same line.

(-1, 2).
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Lecture No. 5: Distance, Circles, Equations

Q 1: Find the distance between the points (5,6) and (2,4) using the distance formula.
Solution:
The formula to find the distance between any two points (x;,y;) and (x,,Y,) in the coordinate

plane is given as

d :\Z(xz'xl)z +(y2 'y1)2
The given points are (5,6) and (2,4), so the distance between these two points will be

d=4Q2-5)7 +(4-6)

=3 + (27
=9+4

=3

Q. 2: Find radius of the circle if the point (-2,-4) lies on the circle with center (1,3) .
Solution:
It is given that center of the circle is (1,3). We are also given a point on the circle that is (-2, -4)

as shown below.

A

PP 4 >

' 4
The radius of the circle will be the distance between the points (1,3) and (-2,-4). That is

Radius = d = \[1- (<2)]* +[3 — (-4)?

=yJB) +(7)
=/9+49 =158
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Q 3: Find the coordinates of center and radius of the circle described by the following equation.
4x2 +4y2 —16x — 24y + 51 =0

Solution:

The general form of the equation of circle is given as

4x2 + 4y? —16x - 24y +51=0
It can be re-written as
(4x% —16X) + (4y? — 24y) = -51
(2X)?> —=2(8X) +(2y)? -2(12y) = -51
In order to complete the squares on the left hand side, we have to add 16 and 36 on both sides, it
will then become
(2X)? - 2(8X) +16 + (2y)? — 2(12y) + 36 = -51+16 + 36

(2x)7 =22 X)) + (@) + (2y)* - 2(2y)(6) + (6)* =1
(2x-4)? +(2y-6)? =1

(x=2)% + (y-3)? = (9
[2)
Comparing it with the standard form of the equation, the center of the circle will be (2,3) and
1

the radius will be — .
2

Q 4: Find the coordinates of center and radius of the circle described by the following equation.
2x2+2y2+ 6x—8y+12= 0

Solution:

The general form of the equation of circle is given as

2X2 +2y? +6x-8y+12=0
It can be re-written as
(2x% +6X) + (2y? —8y) = -12
(X2 +3x)+(y* -4y)=-6

In order to complete the squares on the left hand side, we have to add 2 and 4 on both sides, it
4

will then become

(¢ +3x+ 2) 4 (f 4y +4) =6+ 2+ 4
4 4
? e (¥)? = 2(y)(2) + (2)? i
_ _ — + =_
(x +2(X)|\2J+L2J +(y y ;

(e 3V +(y-2) ="

[ 2 :
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1

)

Comparing it with the standard form of the equation, the center of the circle will be | — 2,2 |and
L)
radius will be E
2
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Q 5: Find the coordinates of center and radius of the circle described by the following equation.
x>+y?—4x—6y+ 8=0
Solution:

The general form of the equation of circle is given as
X2 +y? —4x-6y+8=0
This can be re-written as
(X2 —4x) +(y*> -6Yy) = -8

In order to complete the squares on the left hand side, we have to add 4 and 9 on both sides, it
will then become

(X2 —4x+4)+(y? -6y+9)=-8+4+9

(¥)? = 2(x)(2) + (2> + (¥)* = 2(y)(3) + (3)* =5

(x=2)% +(y-3)> =5
Comparing it with the standard form of the equation, the center of the circle will be (2,3) and the
radius will be /5.

Q 6: Find the coordinates of the center and radius of the circle whose equation is
3x24+6x +3y2+18y —6 = 0.

Solution:
1 3x2+6x+3y? +18y-6=0,
= 3(x* +2x+y*+6y-2)=0, (U taking 3 ascommon)
= X2 +2X+ Y2 +6y-2=0, (0 dividing by 3 on both sides)
=S X2+ 2X+1+ V2 +6y+9=2+9+1,
= (x+1)* + (y+3)* =12,
= (x+1)? + (y +3)? = (\2)?,
= (x= (1)) + (y - (-3)7 = (M2)?,
. Centre of the circle is (-1,-3) and radius is V12,
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Q 7: Find the coordinates of the center and radius of the circle described by the following
Equation

x*+ y?2—6x—-8y=0.
Solution:
x> —6x+y?> -8y =0, (0 rearranging the term)
X2 —6x+y? -8y +(3)* = (3)?, (U adding (3)? on both sides)
(X2 —6x+9)+Yy> -8y =9,

(X —6x+9) + y? -8y + (4)* =9+ (4)* , (U adding (4)? on both sides)
(x2 —6x +9) +(y? -8y +16) = 9 +16,
(x=3)"+(y-4)=9+16 ,

(x=3)" +(y-4)" = (\25)?, eq.(1)
I (x—x0)2+(y—y0)2:r2. eq.(2)

The eq.(1) is now in the standard form of eq.(2). This equation represents a
circle with the center at (3, 4) and with a radius equal to J25.

Q 8: Find the equation of circle with center (3, — 2) and radius 4.
Solution:
The standard form of equation of circle is

(x=hy + (y-k)?* =r?,

Hereh=3,k=-2 ,r=4,
(x=3)* + (y—(-2))* =4%,

X -6X+9+ Yy +4+4y =16,
X2 +y2—6x+4y=16-9-4 ,
X+ Y2 —6x+4y =3,

Q 9: Find the distance between A(2, 4) and B (8, 6)
using the distance formula.
Solution:

The distance formula between two points ( x;, y,) and (X,, ¥,) in a coordinate plane is given by

d Z\Z(Xz _X1)2 +(y2_y1)2 ,
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Q 10: If the point A(—1, —3)lies on the circle with center B (3,-2), then find the radius of the
circle.

Solution:

The radius is the distance between the center and any point on the circle, so find the distance:

r:\Z(xz—x1)2+(y2—yl)2 ’
r=J(B3-CD) +(2-(=3))
= JB+1) +(-2+3)
=@+ (1),
=J16+1 ,
T

~4.123.
Then the radius is +/17 , or about 4.123, rounded to three decimal places.
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Lecture No. 6: Functions

Q 1: Find the natural domain and the range of the given function
h(x) = cos? (v/X).

Solution:

As we know that the is defined on non-negative real numbersx>0. This means that the
X
natural domain of h(x) is the set of positive real numbers.

Therefore, the natural domain of h(x) =[0, + ).
As we also know that the range of trigonometric function cos x is[—1,1 ]

The function cos? v/x always gives positive real values within the range 0 and 1 both inclusive.

From this we conclude that the range of h(x) =[0 ,1 ].

Q 2: Find the domain and range of function f defined by f(x)=x*-2.
Solution:

0 fx)=x2-2

The domain of this function is the set of all real numbers.
The range is the set of values that f (x) takes as x varies. If x is a real number, x* is either

positive or zero. Hence we can write the following:
X2 >0,
Subtract —2 on both sides to obtain
X -2>-2
The last inequality indicates that x? —2 takes all values greater than or equal to —2. The range

of function f is the set of all values of f (x) in the interval [-2, + oo).

Q 3: Determine whether y=+ is a function or not? Justify your answer.
Solution: X+3

[1 y=+ +/x+3, this is not a function because each value that is assigned to ‘x’ gives two values
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ofy . So this is not a function. For example, if x=1 then

I
I+

1+3,
B,
2

< <
n
+ +
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X+2
Q 4: Determine whether ¥ ~ x+3 Isafunction or not? Justify your answer.

Solution:

R _X+2

 x+3
This is a function because each value that is assigned to ‘X’ gives only one value of y
So this is a function. For example if x=1 then

:E
1+3’

3

y=_,

4
y =0.75.

Q5:
x? —16

(a) Find the natural domain of the function f(x) = v

(b) Find the domain of function f defined by f(x)=——.

(x+5)

Solution:
(a)
f x? —16
===
= f(X)= (x+4)(x—-4) ’
(x-4)
=(x+4) X#=4 .
This function is defined at all real numbers x , exceptx =4.
(b)
0 f(x)= -1

(x+5)
This function consists of all real numbers x, except x =— 5. Since x =— 5 would make the
denominator equal to zero and the division by zero is not allowed in mathematics.
Hence the domain in interval notation is given by (-, -5)U(=5,+x).
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Lecture No. 7: Operations on Functions

1 . . .
Q 1: Consider the functions f(x)=(x-2)® and 909 = - Find the composite function

(fog)(x) and also find the domain of this composite function.
Solution:
Domainof f (x) = -0 < X <00 = (-0, +0).

Domainof g(x) =x<0 or x>0=(-o0,0)u(0,+x).

fog() = f (9(4)
1),
X

1
= (7 -2)®

The domain fog consists of the numbers x in the domain of g such that g(x) lies in the domain of f.
.. Domain of fog(x) = (—,0) U (0, +x).

Q2: Let f(x)=x+land g(x) =x-2.Find (f +9)(2).

Solution: From the definition,
(f+9)x)=f (x)+9(x),
=X+1+x-2,
=2x-1.
Hence, if weput x =2, weget
(f+9)=22)-1=3.

Q3: Let f(x)=x2+5 and g(x) = 2+/x. Find ( gof )(x). Also find the domain of (gof )(x).
Solution:
By definition,
(gof )(x) =g (f(x),
=g (x2 + 5),
=22 +5 .
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Domainof f(X)=-0< X <0 = (—oo, +oo),
Domainof g(x) =x>0=[0,+x).

The domain of gof is the set of numbers x in the domain of f such that f(x) lies in the domain
ofg.

Therefore, the domain of  ( f (x)) = (-, +x).
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Q 4: Given f(x)= iz and g(x) = \[T Find the domain of these functions. Also find the
X_

X
intersection of their domains.
Solution:

Here f (x) = iz SO

domainof f(x)=x<2 or x>2=(-o0,2)U(2,+x).

Now consider g(x) = \E = %
X

Domain of g(x) = x > 0 =(0, + ).
Also, intersection of domains:
domainof f (x) ndomain of g(x) = (0,2) U (2, +x).

] 1 2 )
Q5: Given f(X) =7 and g(x) = oy find (f —g)@3).
X_
Solution:

(f —9)(x) = () -9,

_1 2
X x=2'
1 2 1-18 -17
(f-9@)="--—=_"=_"_
9 1 4 9
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Lecture No. 8-9
Lecture No.8: Graphs of Functions
Lecture No.9: Limits

Choose the correct option for the following questions:
1) Ifavertical line intersects the graph of the equation y = f(x) at two points, then
which of the following is true?
I.  Itrepresents a function.
Il.  Itrepresents a parabola.
I1l. It represents a straight line.

IV. It does not represent a function. Correct option

2) Which of the following is the reflection of the graph of y = f(x) about y-axis?

. y=—1(x)

1. y=1f(-x) Correct option
. -y=-1(x)
IvV. -y=1(-x)

3) Given the graph of a function y=f(x) and a constant c, the graph of

y = f(X)+ c can be obtained by
I.  Translating the graph of y = f(x) up by c units. Correct option
Il.  Translating the graph of y = f (x) down by c units.
IIl.  Translating the graph of y = f () right by c units.

IV.  Translating the graph of y= f(X) left by c units.

4) Given the graph of a function y=f(x) and a constant c, the graph of

y = f(x—c)can be obtainedby .

I.  Translating the graph of y= f(x) up by c units.
Il.  Translating the graph of y= f(x) down by c units.
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I1l.  Translating the graph of y = f(x) right by c units. Correct option
IV.  Translating the graph of y= f(x) left by c units.

5) Which of the following is the reflection of the graph of y = f(x) about x-axis?
l. y=—1f(x) Correct option
1. y = f(-x)

. -y=-1(x)
Iv. -y=1f(=x)
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Q6: If limh(x) =18+c and lim h(x) =7 then find the value of ‘c’ so that limh(x) exists.

X—8" x—-8"

Solution:
For the existence of limh(x) we must have lim h(x) = lim h(x),

x—8

x—8 X—8~ x—8*

By placing the values we get
18+c =7,

=>c=7-18=-11

X
Q 7: Find the limit by using the definition of absolute value lim —.

x— 0* |2X|
Solution:
0 lim X
x— 0* |2X|
where 2Xx = 2X x>0,
| 1—2x x<0.
So |2x|—>2x as x —0".
Cdim S =1im X =tim 1_1
| 2x| o o
X—> 0% x>0 2X x>0 2 2
: _ : - | X+3)|
Q 8: Find the limit by using the definition of absolute value lim ~F
x—0"
Solution:
| x+5]
0 lim
x>0 X+5
where X+5|=[ X+5 (x+5) >0,

| i—(x +5) (x+5) <0.

o tim 1%+5] = 1im ") _jimcny =1,
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Xx—0" X+5 X—0"

X+5

x—0"
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X2 —3x +1
2

Q 9: Evaluate: lim -2

xom X 4+ 2X —5x+3
Solution:

2 -3

i X —3x+1 . 2
lim =lim * X

xoo X34 2x% —5X+3  xow 1+E—i+

X X
1 3,1
) 002 003
1+2 -+ 3
©  w? o
0
1
=0.
3 2
Q 10: Evaluate: lim * +422 —52+3,
oo 7 =3z+1
Solution: 5 5 3
3 ) 1+ -+

lim 2_+2z —52+3:"m

750 72 _37 +1 150 1 3 1

(© taking x* as common )

(0 on applying limit )

(U any number divided by infinity is zero )

(10_o)

S

———2—% (" taki
Z 7© 1 ( taking x* as common)

_— 7-}— JE—
z 22
2 5 3
1+ -+
__ o o o (I onapplying limit)
1.3 1
o0 OO2 OO3 O
1
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1 gny number divided by infinity is zero
3y
I "=

(o)
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Lecture No. 10: Limits (Computational Techniques)

Q 1: Evaluate lim _X~=95

x5 X2 — 25

Solution:
First we cancel out the zero in denominator by factorization:

lim X=9 —lim___ X=5 =lim

x5 X2 —25 x5 (X—5)(X+5) 5 Xx+5

Now apply limit, we get:

.1 1
lim ="
x5 x+5 10
X2 —=T7x+10
Q 2: Evaluate lim ———— .
X—2 X — 2
Solution:
Factorize the numerator in the expression:
2 _ 2 _gy_
lim X x+10 _ lim X oX —2x +10
X—2 X—2 x—>2 X—2

_lim X(Xx—=5)—2(x-5)

x—2 X—2
_lim (x-=5)(x-2)
x—2 X—2

=lim(x-5)=2-5=-3

X—2

Q 3: Evaluate lim 3¥’ ~9x* +x-3
2

x—3 X _9
Solution:

First we factorize the numerator and denominator and then apply its limit:

- +x-3  3(x-3)+1(x-3)
M =m  _iim
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A

NX W ~ W4+ X —~—Ww |

vo_)
~

>

NOX W N~ W+ X~~~ W |

+

(x+3)
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_3(3)°+1_28_14

3+3 6 3

VU APEX CAMPUS

vuapex.com.pk

vuapex.pk

Contact Us:

0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

3-X,  x<2

: f(X)=9x
Q4: Let §+1, K> 2

Determine whether lim f (x) exist or not?

x—2

Solution:
For limit to exist, we must determine whether left-hand limit and right-hand limit at x = 2 exist
or not. So here we will find right hand and left hand limit.

. . X 2

Right-hand limitat x=2: lim f(x) = Ilm( +1\= +1=1+1=2
xo2 w2 \2 ) 2

Left-hand limitat x=2:  lim f(x)=lim(3-x)=3-2=1
X—2" X—2*

Clearly lim f(x) = lim f(x), so limit does not exist.
x—2" x—2"

(3x +7, 0<x<3
Q51 T(X)=146 x=3 ,then show that lim f (x) =f(3).
X—3
lx2+7, 3<x<6
Solution:
Here f(3)=16. To find limit at x=3, we have to find the left-hand and right-hand limit at

(, )

x=3,50: limf(X)=1lim x*+7"=9+7=16
Xx—3" X—3"
And lim f(x)=lim (3x+7)=9+7=16
X—3" X—3"
Clearly lim f(x)=16=lim f(x), so lim f(x) =16
x—3" Xx—3" x—3
VU APEX CAMPUS vuapex.com.pk vuapex.pk

Contact Us: 0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

Lecture No. 11-12
Lecture 11: Limits (Rigorous Approach)
Lecture 12: Continuity
1) If limg(x) =L exists, then it means that for any € >0 g(x) is in the interval____ .

X—a

l. (a—-L,a+L)
1. (@a-56,a+9d)
. (L-5,L+9)
IV. (L-g,L+g) Correct option is IV

2) Using epsilon-delta definition, 1im f (X) =6 can be written as

x—>4

l. | f(x)—6|<e whenever 0<|x-4|<8 Correctoption is |

1. | f(x)—4|<e whenever 0<|x-6|<d

II. X—6 <& whenever 0< f(x)—4 <0

V. f(X)—x <& whenever 0< 6-4 <9

3) Using epsilon-delta definition, our task is to find & which will work for any .

. €<0

1. €>0 Correct option is 11
. €20
IV. €<0

4) Using epsilon-delta definition, 1im f(X) =2 can be written as

x—1

I.  |x-2|<e whenever 0< f(x)-1 <3
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01 | f()—x|<¢ whenever O<|2—1|<8

1.
V.

| f(X)~2| <& whenever O<|x—1| <8 correct option is 111
| f(\)~2| <& whenever O<|x—2’<8

5) Which of the following must hold in the definition of limit of a function?

I. & greater than zero
Il.  J greater than zero
I1l.  both ¢ and & greater than zero Correct option is 11

IV. none of these

VU APEX CAMPUS vuapex.com.pk vuapex.pk

Contact Us: 0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

Q 6: Show that h(x) = 2x*> —5x +3 is a continuous function for all real numbers.
Solution:
To show that h(x) = 2x? —5x +3is continuous for all real numbers, let’s consider an arbitrary

real number c. Now, we are to show that lim f (x) = f (c)

lim h(x) = lim(2x? - 5x + 3)

X—C X—C

=2¢%-5¢+3

=f(c)
Since, it is continuous on an arbitrary real number we can safely say that the given polynomial is
continuous on all the real numbers.

Q 7: Discuss the continuity of the following function at x =4

—2X+8  for x<4

f(x) =
®) %X—Z for x> 4

Solution:
Given function is
—2X+8  for x<4

f(x) =
%X—Z for x> 4

First of all, we will see if the function is defined at x=4. Clearly,
f(4)=-2(4)+8
=-8+8=0
So, yes the function is defined at x =4.
Now, let’s check the limit of the function at x =4
lim f (xX) = lim(-2x+38)

X—4" X—4"
=0
lim £ () = lim (ix—z\
e
=0
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Since the left hand side limit and the right hand side limits exist and are equal so, the limit of the
given function exist at x =4. Also,

lim f(x)= f(4)

X—4

Hence, the function is continuous on the given point.
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Xx=4
Q 8: Check the continuity of the following function at

X+4 if x<1
gx)=; 2 if 1<x<4
-5+X ifx>4

Solution:
Given function is
[ x+4 if x<1

gx)=!; 2 if 1<x<4
-5+x ifx>4

First of all, we will see if the function is defined at x=4. Clearly,
9(4)=-5+4
=-1
So the function is defined at x =4.
Now, let’s check the limit of the function at x =4.

lim g(x) = lim(2)
x—4- X—4"
=2
lim g(x) = lim(-5+x)
Xx—4* X—4*
=-1

Since the left hand side limit is not equal to the right hand side limit, therefore, the limit of the
given function does not exist at x =4 and so the function is not continuous on the given point.

Q 9: Check the continuity of the functionat x=3: f(X)= x+3.

Solution:
The given function is

f(x)= b(+3 |
Using the method of finding the limit of composite functions, we can write it as
lim f (x) =lim |x+3|

x—3 x—3
=(lim(x+3 ‘
\M (x+3)
=6
Also,
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f(3)= |3+3|
=|6|=6

Since,

Iinr31 f(x)=1(3)

Therefore, the given function is continuous at x=3.

VU APEX CAMPUS vuapex.com.pk vuapex.pk

Contact Us: 0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

Q 10: State why the following function fails to be continuous at x=3.

9-x*
f)=13"x if x£3

| 4 if x=3

Solution:

The given function is
9-x*
F00=13-x if x#3

| 4 if x=3

lim f (x) = lim 9- X

x—>3 x—>3 3—X
_lim (3—x)(3+X)
x—>3 3—-X
=lim(3+x)=6
x—3
f(3)=4
Clearly,

limf(x)= f(3)

Therefore, the given function is not continuous at x=3.
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Lecture No. 13: Limits and Continuity of Trigonometric Functions

. . 0SX .
Q 1: Determine whether lim existsor not?
x—0 |X|

Solution:
We shall find the limit as x — 0 from the left and as x — 0 from the right.
For left limit,

: . 1-cosx
lim 1-cosx _ lim 1-cosx _ lim 1-cos x ~0 7 by corollary lim =0
[
x—0" x—0" —X x—0" —X x—0 X
For right limit,
lim 12 COS X _ iy 12C0SX _ " by corollary lim ¥~ *%* ~ .
[
x—0* x—0* X x—0 X
. . 1-cosx . 1-cosx . 1-cosx .
Since lim =0=Ilim , hence lim exist.
x—>0" | x| x—>0* | x| x—0 | x|
Q 2: Find the interval on which the given function is continuous:
X+3
Y= 310
x- —3x-10
Solution:
Given functionis y = _X+3
x? -3x-10
it isdiscontinuous only wheredenominator is '0'so
x* -3x-10=0
x? -5x+2x-10=0
X(x-5)+2(x-5)=0
(x=5)(x+2)=0
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x=5-2
Points where thefunction isdiscontinuous are 5 and — 2 sointervalin which it is continous
(=o0,-2) U (-2,5) U (5, +x)
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Q 3: Find the interval on which the given function is continuous:

y= ! +4
(X + 2)?
Solution: .
Given functionisy = +4
(X + 2)?
it is discontinuous only wheredenominator is '0'so
(x+2)?=0
X+2=0
X=-2

Point where thefunction is discontinuous is -2 sointervalin which it is continous is
(=00,-2) U (-2, 4x0)

Q 4: Compute Iimﬂ.
x>0 4X
Solution: .
Here we will use the result that lim sind :
050 0O
Iimsin3x _ llim sin 3x _ 1_Iim sin3x>< 3_: 3_”msin3x _ 3_(1) _ %

x50 4X 4 x50 X 4 x50 X 3 4x0 3x 4

Q5: Compute lim M.
00 cosO
Solution: As we know €0s20 =2c0s?0 —1, so
c0s20 +1 2c0s20 —1+1 2c0s°0
lim— =Ilim =lim =lim2cos® =2cos0=2(1)=2
650 cosO 0 -0 cosO 60 cosO 00
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Lecture No. 14: Rate of Change

Q 1: Find the instantaneous rate of change of f(x) = x2 + 1 at xo.

Solution:

= y2
Since fEL) x2 + 1 at xo,« D1 1)
lim

+h)—f(x0)
llmh—>0

h—>0

h
X +h2+2xoh+1 xo—l

=lim 0 ,

h—0 h
h2+2x0h

= lim ,

h—0 h
iy R0
h—0 R

= lim(h + 2x
h—>0( (D

= 2xo by applying limit, (Answer).

Q 2: Find the instantaneous rate of change of f(x) = Vx + 2 at an arbitrary point of the domain

of f.
Solution:
Let a be any arbitrary point of the domain of f. The instantaneous rate of change of f(x) at
xX=alis -
lim,_, f—f(a@) _ lim \/x+2—\/a+2,
X—a x—a X—a
1 x+2—+a+2 \/x+ ++Va+2 . ..
=lim,_, R o ey by rationalizing,
= lim x+2—a—2
B X2a (x—a) Vx+2+ Va+2 '
=lim__ x—d :
(x—a) Vx+2++Va+2
=lim_, —21_—,
Vx+2+ Va+2
_ 1 . ..
Y s by applying limit,
=1 (Answer)
"~ 2va+z :
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Q 3: The distance traveled by an object at time t is = f(t) = t2. Find the instantaneous velocity
of the object at to = 4 sec.
Solution:
Vinst = Megn = limt » ft)=f(to)
1 0 t1—to
2_42
= llmt St tl )
1 0 t1—to

. t?—16
= llmt >t 1_,
1 0 t1—to

= lim; » G1£8(E1=4)
H
1 0 t1—to

— lim. |, @@= because to = 4 sec,
t -4

1 (t1—4)
= lime,4(t1 + 4),
= 4 + 4 by applying limit,
= 8 (Answer).

Q 4: Find the instantaneous rate of change of f(x) = x3 + 1 at xo = 2.
Solution:
footh=fG) _ 130 f@HD-F)

h H

hmh_)o m h
. 2+h)3+1)-@3+1

= lim ((2+h)°+1)—¢ 0,
h—0 h

. (2343(2)%h+3(2)h%+h3+1)-@3+1¢
im y
h—0 h

m 84+12h+6h2+h3+1—(841)
h—0 h

. 9+12h+6h%+h3—9
= lim
h—0 h

12h+6h%+h3

= lim
h—0 h

h(124+6h+h?)

= lim
h—0 h

= lim(12 + 6h + h?),
h—0

= 12 (Answer).
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Q5:

(a) The distance traveled by an object at time tis s = f(t) = t2. Find the average
velocity of the object between t = 2 sec. and t = 4 sec.

(b) Let f(x) =;i Find the average rate of change of f over the interval [5,7].
Solution:
(a) Avergae Velocity =

Distance travelled during interval

TIme Elapsed

_ f-f(to)

v =
ave t1+ o

fH-f(2)
4-2

= 1
42_22

2
16—4
-

2
2
1

[EEN

2
= 6 (Answer).

Distance travelled during interval

(b) Avergae Velocity =

TIme Elapsed

_ L) —f(xp)
msec - x1% 0 '

_ f(D~f()

= —2—14 m/sec. (Answer).
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Lecture No. 15: The Derivative
Q 1: Find the derivative of the following function by definition of derivative.

f (x) = 2x* —16x + 35
Solution:
Given functionis f (x) = 2x? —16x + 35

By definition, the derivative of a function f(x) will be  f(x) = lim fx+h)—1(x)

h—0 h
For the given function, f (x + h) will be as given below.

f (x+h) = 2(x+ h)? —16(x+ h) + 35

= 2x% + 4hx + 2h? —-16x —16h + 35
And so, the derivative will be
2x2 + 4hx + 2h? —16x —16h + 35 — (2x? —16x + 35)

f'(x) =lim
) h—0 h
. 4hx + 2h? -16h
=lim
h—0 h

_ |im N(4x + 2h ~16)
h—0 h

= lim(4x + 2h —16) = 4x 16

h—0
Which is the required derivative of the given function.

Q 2: Find the derivative of the following function by definition of derivative.
f(x)= E+ E X
5 2

Solution:
Given function is

2 1

f(X)=_+2x

5 2

By definition, the derivative of a function f(x) will be
£/(x) = lim f(x+h)— f(x)
h—0

For the given function, f (x+h) will be as given below.

f(x+h):3+i(x+h)
5 2

And so, the derivative will bg 4 (2 1)
5+2(x+h)-"5+2x

£/ = lim — S
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h—0 h

. h 1
=lim__ ="

h—0 2h 2
Which is the required derivative of the given function.
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Q 3: Find the derivative of the following function by definition of derivative

g(t) =

Solution:

Given function is g(t) = ——
t+1

By definition, the derivative of a function g(t) will be
g(t+h) —g(t)
h

g'(t) = lim

h—0

For the given function, g(t+h) will be as given below.

t
t+1

t+h
t+h+1

g(t+ h) =
And so, the derivative wilil?e
g'(t) =lim

_ i A

t+h  t ]

h—-0 h P+h+1 t+1J
(t+ Rt hlnyEdh+1)

L

:nmgt2+t+th+h—t2—th—t]

h»Ohl_

1

=limZ_

(t+ h+1)(t+1)

h ]

h-0 h [(t +h +l)(t+1)_|
1

(w7

Q 4: Find the equation of tangent line to the following curve at x =1

f(x) =

Solution:
Given function is

FX)= —

By definition, the derivative of a function f(x) will be
f(x+h)— f(x)

f'(x) = lim
h—0
Given that x =1, it becomes

1
2X2 — X

2X% — X
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f'(x) = lim

h—0

f(1+h) - f (1)
h

For the given function, f (1+h) will be as given below.

1
"~ 2(1+h)? - (1+ h)
And so, the derivative at x=1 will be

f (1+h)
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f%D="m1r 1 o1

-0 ﬂz{m hy? —(1+h)  2(1)° - (1)J
=lim L ! 11
h—0 h[2(1+h2+2h) (1+h) J

_Iimlr 1 —11
h—>0 2 |
iattagsnen L

h—0 h LZh2 +3h +1J
Since the derivative at a point represents the slope of the tangent line at that point. So, we have m
= -3. Thus, the equation of the tangent line with slope -3 will be

y = Yo =m(X —Xo)
y—-1=-3(x-1)

y=-3x+4
Which is the required equation of tangent line.

Q 5: Find the equation of tangent line to the following curve at x =2

F(x) = X+
1- X
Solution:
Given function is )
X +
fx)=___
1-Xx

By definition, the derivative of a function f(x) will be
£/(x) = lim f(x+h)- f(x)
h—0 h
Given that x =2, it becomes

f'(x) =lim
h—0
And so, the derivative at x=2 will be

£ < lim 21 47N,
wwh[ 1-h |

f+h)—f(2)
h

_iim 2l 30 1,

Mth_—l—hJ |
Since the derivative at a point represents the slope of the tangent line at that point. So, we have m
= 3. Thus, the equation of the tangent line with slope 3 will be
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y— Yo =m(X—Xo)
y+4=3(x-2)

y =3x-10

Which is the required equation of tangent line.
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Lecture No. 16: Techniques of Differentiation

) ] t? +4
Q 1: Differentiate g(t) = 5

Solution:
t2 +4

) = or

ZtE (t% + 4) — (t2 +4)E (2t)

g = dt e dt » (T quotient rule)

_2t(2t) - (12 +4)(2)
B 4t2
412 -2t -8

4t?
_2t*-8
T
2_4

t

2t2 -

d
Q 2: Evaluate ((X 1)1+ Jx) ) at x=9.

dx
Solution:
g (x+D)(+ yx) )= )Y 1+ SO+ ﬁ)—d (x+1), (0 product rule)
dx dx dx

- (x+1) [ﬁ} (1R,

(x+1)
= + (1+ /X),
\/_
2 X
L (9+1) 10 10+24 34 17
by substituting x =9, =—F+ 1+\/§ =—+4= =—=,
Y J 20 ( ) 6 6 6 3
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Q 3: Differentiate the following functions:

i, hX) = @x+1)(X +/X).

i g(x)=x3Bx*+3).
X3 +1

iii. f(x)= .
) 4% +1

Solution (i): h(x) = (2x+1)(x +

o

i(h(x)):(2x+1) d_(x+ \/Y)+(x+\/7)i(2x +1), (I product rule)

dx dx

dx

= (2x+1)(1+ LZ\/_) +(X+ %)),

X

=(2x+1)(2\/*+1\+(2x+2

Y
L2x )

1
=2X+1+ [ + +
2%

=4x+3\/;+L+1.

2Jx

J*),

2X+2,/X,

Solution (ii): g(x) = x3(5x* +3).
0 g(x) = x3(5x* +3) =5x7 +3x73,
= T =5 Lo +3 Ly,

dx dx dx
=5(=7x8) + 3(-3x*),
= -36x% —9x*,
x3 +1
Solution (iii): f(x) = .
(i: 169 4% +1
X3 +1
0 f(x)= ,
) 4%% +1
@e 1) @ e +n-0e ) ¢ @)
d
L—(f(¥) = dx dx , (0 quotient rule)
X (4x® +1)?
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~ (4x% +1)(3x%) - (x® +1)(8x)

(4x2 +1)?
_12x* +3%% - (8x* +8x)

2
_ 4x* +3(>?2(—8x

(4 x2+1)?

+1)?
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Lecture No. 17: Derivatives of Trigonometric Function

Q 1: Find2 if y =x3cotx — 3.
dx x3
Solution:
Given y = x3cotx —3,
X
4y = cotx 4 (x3) +x3 4 (cotx) — L ¢ @
dx dx dx dx x3

= cotx (3x2) + x3(—cosec?x) —3 ¢ ¢ @
dx x3

= 3xZ cotx — x3cosec2x + 2. (Answer).
X

Q 2: Find2 if y=x*sinxatx =m.

Solution:
2(f.9) =1 (9 +9g. L),

y =x*sinx atx =m,
d=sinx 4 (x*) + x* 4 _(sinx),
4= sinx 4 (x4) + x* 4 (sin )
= sin x (4x3) + x*(cos x),
= 4x3sinx + x* cos x,
= 4m3sinm + w* cosm, at x = T,
= 413(0) + n*(—1),
= —m*  (Answer).

Q3: Find £(t) if f(t) =2=8e+

Solution: . .
d f(x g (f)—f ). (gx))

P 0._0: dx dx ,

g(x) [g(x)]?

__ 2-8t+t?
f(t) - sint 5
' __ [(sin t)(—8+2t)]-[(2—8t+t=)(cos t)]
f(t) - (sint)?2 !
_ [(2t=8)(sin £)]—[(t2=8t+2)(cost)] (Answer).

sin? t

Q 4: Find f'(y) if () =-saxsatmny,
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Solution: . .
d f(x) g~ (fFN—f).— (g(x)

_ dx dx
dx g(x) [g(x)]? '

__ siny+3tany
fO) =—7F—

’ _ #3—2¢kos y+3sec? y@-[(sin y+3tany )+(3 y2)]
f= g
%3 —2¢cos y+3sec? yg-[(sin y+3 tan y )+(3 y2)]

= (Answer).

y6—4y3+4
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Q 5: (a) Find if y = (5x2 + 3x + 3)(sinx) .

(b) Find £/(¢) if (t) = 5tsint .

Solution:

@ ~ L9 =129 +9.L(),
dx dx dx

y = (5x2 + 3x + 3)(sinx) ,

dL[(S x%+ 3x + 3)(sinx)] = (5x2 + 3x + 3)(cosx) + sinx (10x + 3)

b) = 2(f.9)=f Z_(g) +9 Z_(f),

f(t) =5tsint,

%(5 tsint) =5 tcost + (sint)(5),
=5tcost+5sint  (Answer).

(Answer).
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Lecture No. 18: The Chain Rule

Q 1: Differentiate y = +/5x3 —3x% + x With respect to “x” using the chain rule.
Solution:

Given function is y =/5x* —=3x* + X..

Let u=>5x-3x%+x
Then y= Ju.
Using chain rule, d_y = ﬂd_u
dx du dx
Here,
@y ot
u 2 2Ju’
d_u =15x* - 6x +1.
dx
Then,
dy 1 )
— = ——(15x" — 6x +1),
dx  2Ju
R ! (15%° — 6x +1.
dx  2/5x* —3% +x
Jx
Q 2: Differentiate y = tan JX+cos  with respect to “x” using the chain rule.
Solution:
N o
Given functionis y=tan  +cos Xx.
Let u=-/x.
Then y = tan(u) + cos(u).
. . dy dy du
Using chainrule, —=—"—.—
dx du dx
Here,
ay sec’ u —sinu,
du
du 1t 1
— =X 2 = R
dx 2 24/x
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Then,

d_y = (sec’u—sinu)._1_,

dx 2%

dy _ L(
Jx

dx 2

sec’ Jx —sin \/S()

VU APEX CAMPUS

vuapex.com.pk

vuapex.pk

Contact Us:

0322-8877744



https://vuapex.com.pk/
https://vuapex.pk/

Q 3: Differentiate ¥ = 3sin” X° +4cos’ x* with respect to “x” using the chain rule.

Solution: L .
Given function is Y = 38In° X* +4¢€0s® X",
Let u= XS.
Then y = 3sin u + 4cos? u.
: : dy _ gy du
Using chain rule, dx  dudx
Here,
dy . :
- 3x 2sinucosu +4x 2cosu(-sinu),
u
=6sinucosu—38cosusinu,
=-2sinucosu,
d_u =5x4.
dx
Then,
&y 5x* (-2 cosu sin u),
dx
d_y: ~10x*(cos x° sin x°).
dx
iy dY . .
Q4:Find _ if y= using chain rule.
dx \/sec 4x
Solution:

Given function is y = v/sec4x.

Let U =sec4x.
J
Then y= u.
Using chain rule, dy = ﬂd_u
dx du dx
Here,
dy 1o b
u 2 2\’
d_u = 4sec 4xtan 4x.
dx
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Then,

dy 1 (4 sec 4x tan 4x)
dx ZJJ

1
dy _ (4sec 4x tan 4x)

dx 2 sec4x

= 2-/sec 4x tan 4x.
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2

W i P
Q5:Find g =~ Y =1t using chain rule.

Solution:
2

Given function is y = tan t3,
2

Let u=te,
Then y =tanu.
Using chain rule, a_ d_yd_u
dt du dt
Here,
dy _ sec? u,
du
du_2;5
dt 3
Then,
1
Y ec?y (Et_s
a5
dy 2 2
L — =—sec’ t3.
dt 1
3t3
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Lecture No. 19: Implicit Differentiation

Q 1: Use implicit differentiation to find % if 2xy
X
Solution:

Here 2xy =x+y -y 2
Differentiate both sides w.r.t x :
d d

—_(2xy)= _(x+y-y)

dx dx

dy dy dy
2(x— 1)=1+—-2y—
=2( GIX+y()) T Y

xd—y+2yd—y—d—y:1—2y

=2
dx dx dx

:y(2x+2y—1):1—2y
dx

dx 2x+2y-1

=X+y-y.

dy .
Q 2: Use implicit differentiation to find _y if X +3y' —y +xXy=4.

dx
Solution:

Here x® + 3y* —y3 +x3y =4,
Differentiate both sidesw.r.t x :

= 5x4 +12y3 d_y—Sy2 ﬂ +(X3ﬂ +y(3x*) =0

dx dx dx

=12 y3ﬂ - 3y2ﬂ +x3 dy _ —5x* - 3x?
dx dx dx

_\[d 3 2 3 4 2
= 2y° =3y + x° 3 —bx* — 3x
dx@ y y % y

dy  -5x* —3x%y
>2=—°--
dx 12y3-3y? +x3

Q 3: Use implicit-differentiation to find

Solution:
Here y2 —2x =1-2y
Differentiate both sidesw.r.t x :
Yo, LW
dx dx
=2 yd_y + 2d_y =2
dx dx

=2y

y

derdy:1

dx dx

= Y(yin)=1
dx

=Yy
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dy if y¥—2x=1-2y. dx
dx y+1
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Qa:Fing W X +y =4

dx

Solution:
here x> +y? =4
Differentiate bothsides, weget

. .d
Q5: If xd=yP then find d_y in terms of variable «x.
X

Solution:
Here x4=y?P ... eq.(1)

Differentiate bothsidesw.r.t x :

gt = py &

dx

= d_y = X

d oyt eq.(2)

q

Fromeq.(1),we have y = x P| put this valueineq.(2) in placeof y, we will have:
dy qu_1 Xt ﬂ q—l—‘{q—g \‘ q —1+i
N p - p

= = _ L ): X
dx p(xq;ﬂp l pXT®  p " P

L)
Hence,
dy_q
dx p
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Lecture No. 20: Derivatives of Logarithmic and Exponential Functions
Q 1: Differentiate: y= (5—X)Jf.

Solution:
0 y=(5-x) JX—
taking log on both sides ,

:>Iny:\/;ln(5—x) (i Inm”:nlnm),

1d n X)+ \/;
= Yo" 2&|(5 : (5—x>(_1)' |
- ®- ('”%) 0%y |
:> |%In(5 X) ,_x ><|( _ )I.

dx \ 2\/; (5 x)

. . 8x .
Q 2: Differentiate Y = (COS X) with respect to 'x".
Solution:

o y=(cosx)™,
taking log onboth sides,

= Iny=(8x)In(cosx), (Z Inm”:nlnm),
= 1 dy =8.In(cos x) + 1 .(=sin x).(8x), (I d (Inx) = 1 : d (cos x) = —sin x \,
y dx (cos x) L dx X dx )
8xsin X
¥( '/ In(cos x) - "cos x \l
;é }< (cosx)— Cglsnxx)i(cos x)™.
\ )
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Q 3: Diff _ yzxsi"5x with respect to 'x".
: Ditferentiate

Solution:
0 y — Xsin5x,
Taking log on both sides ,
= Iny =(sin5x)In(x) , (i Inm”:nlnm),
= 1 dy =5(cos5x).In (x) + 1.(sin5x) , (i d (Inx) = 1 : d (sinx) = cos x )
T X I ®x X % |

, \
= 3¥( = I/5(003 5x).In (x) + SmXSX \|.y :

.
= g¥ =|><5(COSSX).|H (X)+ Smgx\(x sin5x) .

\ )
Q 4: Differentiate Y = X & ***.
Solution:
y =xe 3x+4
— d_y: e 3x+4+ Xe 3x+4 —(3X+4) '
dx dx
= d_y —e 3X+4_|_ 3X€ 3x+4 )
dx

Q 5: Find the derivative of the function y = In(2 + x*) with respect to 'x".
Solution:

y=In(2+x°%),

now taking the derivative of the function on both sides ,
Y- % i@+,
dx dx

dy_ 1 9o,

dx
dy _ dy

)
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dx (24 x%) dx
(0+5x%) ,

(2+x%)
5x*
2+x°)
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Lecture No. 21: Applications of Differentiation
Q 1: If f(x) = x2 — 6x + 10 then find the intervals where the given function is concave up
and concave down respectively.

Solution:

Given function is f (x) = x* - 6x +10
f'(xX)=2x-6
f"(x)=2>0

Since the second derivative is greater than zero for all values of x, so the given function is
concave up on the interval (—w,0) and it is concave down nowhere.

Q 2: If f (x) = x3 + 3x2 then find the intervals where the given function is concave up and
concave down respectively.

Solution:_The given function is f (x) = x3 + 3x?

f'(x) = 3x% + 6x
f""(x) =6x+6
For concave up
f"(x)=6x+6>0
6x > —6
x>-1
So, the given function is concave up on (-1, )
For concave down
f"(xX)=6x+6<0
=6X<—6
=x<-1
So, the given function is concave down on (—w,—-1).

Q 3: If f'(x) = 1 + 4x then find the intervals on which the given function is increasing or
decreasing respectively.
Solution: It is given that f'(x) =1+ 4x . The function will be increasing on all the values of x
where first derivative is greater than zero. That is
f'xX)=1+4x >0
4x > -1
X>— l
4

Thus, the given function is increasing on (_%,w).

The function will be decreasing on all the values of x where the first derivative is less than zero.
That is
f'X)=1+4x<0
Ix < -1
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1
X <—

4
Thus, the given function is decreasing on (o, ~ 1.
4
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Q 4: If f'(x) = 2 t — 2 then find the intervals on which the given function is increasing or
decreasing respectively.

Solution:

Itis given that f'(t) = 2t —2. The function will be increasing on all the points where the first

derivative is greater than zero. That is
f't)=2t-2>0
2t>2

t>1
Thus, the given function is increasing on (1,)
The given function will be decreasing on all the points where the first derivative is less than zero.
That is
f't)=2t-2<0
2t<2

t<1
Thus, the given function is decreasing on (—0,1).

Q 5: Discuss the concavity of the function f(x) = (4 — x)(x + 4) on any interval using second
derivative test.

Solution:
The given function is f (x) = (4 — x)(x + 4)

f(X)=0@-x)(x+4)
= 4X +16 — X* — 4x
=16 x*
f'(x) = —-2x
f"(x)=-2<0
Since the second derivative is less than zero for all the values of x therefore, the given function is
concave down on (-, ) and it is not concave up anywhere.
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Lecture No. 22: Relative Extrema

f _x+4
Q 1: Find the vertical asymptotes for the function (X) -, - :
X —_
Solution:
The vertical asymptotes occur at the points where f (x) - woie x* -25=0
X2 -25=0
= X=15
Thus vertical asymptotes at x =45
. . . X+4
Q 2: Find the horizontal asymptotes for the function f (x) = :
x? — 25

Solution:
Horizontal asymptote can be found by evaluate lim f (x)

X—>+0

lim f(x)= lim X+4

X—>+00 X—>h00 X2 _ 25

Divide numerator and denominator by x?,

1
lim £ (x) = lim 7c+7i=0+0=o

X—>+00 X—>+o0 1— g 1-0
X

Hence horizontal asymptotesat y =0

Q3:If f (x)=2x*-16x*, determine all relative extrema for the function using First derivative

test.

Solution:

First we will find critical points by putting f/(x) =0
=8x*-32x =0

=8x(x?-4)=0=x=0, x =42
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Because f/(x) changes from negative to positive around —2 and 2, f has a relative

minimum at x = —2 and x = 2, . Also, f/(x) changes from positive to negative

around 0, and hence, f has a relative maximum at x = 0.
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Q 4: Find the relative extrema of [ (X) =sinx—cosxon[0,2r] using 2" derivative test.

Solution: First we will find critical points by putting f/(x) =0,
= CcosXx+sinx=0
= COS X = —Sin X

) 7
:>S|nX:_1:tanX:—1:>X:311 —n

CoS X 4 4

i .
Because f’(x) changes from negative to positive around X = : , f has a relative

minimum at x= 1% . Also, f/(x) changes from positive to negative around x = sn :
4 ’ 4

3n
and hence, f has a relative maximum at X= 4 -

' ' =3 relative minimumat  _ 27
Answer. relative maximumat X = s , relative mimimum a XZ:

4] 1
Q 5: Find the critical points of f(x)=x 3—4x 3.
Solution:
For critical point put
4.

/ _ s
f (x)_0:>4x1‘ _x_23:0

critical pointsoccur where numerator and denominator iszero.i.e

24
x-1=0,x3=0
=>x=1 x=0
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